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NUMBERS
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In this article we consider the problem whether generalized Fibonacci con-
stants can be zeros of chromatic polynomials. We prove that all 2n-anacci
numbers and all their natural powers cannot be zeros of any chromatic poly-
nomial. Also we investigate (2n + 1)-anacci numbers as chromatic zeros.

1. INTRODUCTION

Let G be a simple graph and A € N. A mapping f: V(G) — {1,2,..., A} is
called a A-coloring of G if f(u) # f(v) whenever the vertices u and v are adjacent
in G. The number of distinct A-colorings of G, denoted by P(G, \) is called the
chromatic polynomial of G. A zero of P(G,\) is called a chromatic zero of G. An
interval is called a zero-free interval for a chromatic polynomial P(G, ) if G has
no chromatic zero in this interval. It is well-known that (—o0,0) and (0,1) are
two maximal zero-free intervals for the family of all graphs (see [6]). JACKSON [6]
showed that (1,32/27] is another maximal zero-free interval for the family of all
graphs and the value 32/27 is best possible. A graph is planar if it can be drawn in
the plane with no edges crossing. Near-triangulation graph is plane graph with at
most one non-triangular face. A near- triangulation with 3-face is a triangulation.

We recall that a complex number ( is called an algebraic number (respectively,
algebraic integer) if it is a zero of some monic polynomial with rational (respectively,
integer) coefficients (see [11]). Corresponding to any algebraic number ¢, there is a
unique monic polynomial p with rational coefficients, called the minimal polynomial
of ¢ (over the rationales), with the property that p divides every polynomial with
rational coefficients having ¢ as a zero. (The minimal polynomial of ¢ has integer
coefficients if and only if ¢ is an algebraic integer.)

2000 Mathematics Subject Classification. 05C15, 11B39.
Keywords and Phrases. Chromatic Zero, Fibonacci Numbers, n-anacci constants.

330



Chromatic zeros and generalized Fibonacci numbers 331

Since the chromatic polynomial P(G, \) is a monic polynomial in A with inte-
ger coefficients, its zeros are, by definition, algebraic integers. This naturally raises
the question: Which algebraic integers can occur as zeros of chromatic polynomi-
als? Clearly those lying in (—o0,0) U (0,1) U (1,32/27] are forbidden. The n-th
Beraha number is given by B, = 2 + 2cos(27/n) (see [2]). TUTTE [13] proved
that the Beraha number Bs = (3 + 1/5)/2 cannot be a chromatic zero, for other-
wise BZ = (3 —/5)/2 would also be a chromatic zero, which is impossible since
B € (0,1). SALAS and SOKAL in [10] extended this result to show that the gen-
eralized Beraha numbers B,&k) = 4cos?(km/n) for n = 5,7,8,9 and n > 11, with k
coprime to n, are never chromatic zeros. For n = 10 they showed the weaker result
that Byg = (5 + v/5)/2 and B, = (5 — v/5)2 are not chromatic zeros of any plane
near-triangulation.

In this paper we would like to prove some further results of this kind.

In Section 2, we prove that 2n-anacci numbers and all their natural powers,
cannot be zeros of any chromatic polynomials. In Section 3, we study (2n + 1)-
anacci. Finally, in the last section, we introduce numbers which are related to
2n-anacci constants, and ask a question similar to the Beraha question [2].

2. CHROMATIC ZEROS AND 2n-ANACCI CONSTANTS

In this section, we investigate the 2n-anacci constant (defined below) as a
chromatic zero. We show that 2n-anacci, and their natural powers, cannot be
chromatic zeros.

Definition. An n-step (n > 2) Fibonacci sequence F,g"), k=1,2,3,... is defined

by letting Fl(n) = FQ(") =... = F,(L") = 1 and other terms according to the linear
k—1 (n)

recurrence equation F,En) => F,S_I)N (k > 2). The limit @, = klim F](C") is called
i=1 T b

the n- anacci constant.

It is easy to see that ¢, is the real positive zero of f,(z) = 2" — 2" 1 — ...
—x—1, and this polynomial is the minimal polynomial of ¢,, over Z[x]. It is obvious
that ¢, is a zero of g, (z) = 2"(2—2) — 1. Note that vy = 7, where 7 = (14+/5)/2
is the golden ratio, and nlingo ©n = 2 (See [8], [14]).

We need the following two theorems to show our main results in this section.

Theorem 1. ([8]) The polynomial f,(z) = 2™ — a1 —-..—x—1 is an irreducible
polynomial over Q.

Theorem 2. ([5]) Let G be a graph with n vertices and k connected components.
Then the chromatic polynomial of G is of the form

P(G ) = ap\" + ap A" 4 apAF
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With Gy, Gn_1, ..., ax integers, a, = 1, and (—=1)"fap > 0 for k < ¢ < n. Further-
more, if G has at least one edge, then

PG, 1)=apn+apn-1+ - +a,=0.

Now we prove that the 2n-anacci numbers cannot be zeros of any chromatic
polynomials.

Theorem 3. For every integer n > 1, the 2n-anacci number pa, cannot be zero of
any chromatic polynomial.

Proof. We know that ¢, is a zero of fa,(z) = 22" — 22"~ — ... —x — 1, which

is minimal polynomial for this root. It is obvious that fa,(x) is not a chromatic
polynomial (see Theorem 2). Now suppose that there exists a chromatic polynomial
P(z) such that P(p,) = 0. By Theorem 1, fa,(x)|P(x). Since f2,(0) = —1 < 0,
and fa,(—1) = 1 > 0, by the intermediate value theorem, fa,(x) and therefore
P(z) has a root in (—1,0) and this is a contradiction. O

With arguments similar to the proof of Theorem 3, we prove that all natural
powers of 2n-anacci constant cannot be chromatic zero.

Theorem 4. All natural powers of pa, cannot be chromatic zeros.

Proof. Suppose that ¢5:(m € N) is a chromatic zero, that is there exists a
chromatic polynomial

PG =N tap A b agh
such that P(G, ¢3!) = 0. Therefore,

k7
Ot a1 4 L are, = 0.

So we can say that g, is a zero of the polynomial,
Q) = PULLS ak—1)\7nk_m + -+ a A"

in Z[z]. But we know that fo,(\) = A" — A\2"~1 — ... — X\ — 1 is the minimal
polynomial of @2, over Z[z]. Therefore fa,(A\)|Q(A). Since fa,(0) = —1 < 0 and
fon(=1) =1 >0, fan(N\) and so Q(X) have a zero say «, in (—1,0). Therefore, a™
is a root of P(G, A). Since o™ € (—1,0) U (0,1), we have a contradiction. O

Corollary 1. 7"(n € N) cannot be zero of any chromatic polynomials, where
7= (1++/5)/2 is the golden ratio.

Proof. Since 7 = 5, then we have the result by Theorems 3 and 4. O

REMARK. We have obtained this result in [1] with a different approach.

3. CHROMATIC ZEROS AND (2n + 1)-ANACCI CONSTANTS

We think that (2n + 1)-anacci numbers and all their natural powers also
cannot be chromatic zeros, but we are not able to prove it. In this section we study
and obtain a result for (2n + 1)-anacci numbers as chromatic zeros.
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Now we obtain the following result related to @a,41.

Theorem 5. For every natural n, pan+1 cannot be a root of the chromatic poly-
nomial of a connected graph G with |V (G)| < 4n + 2.
2n+1 _ ,..2n

Proof. We know that (a,11 is a zero of fo,41(x) =z " — o — 1 — 1,
which is the minimal polynomial for this root. It is obvious that fa,+1(x) is not a
chromatic polynomial (see Theorem 2). Now suppose that there exists a chromatic
polynomial

P(x):amZmJFamflfUmil+"'+a1IE+a0, (m>2n+1)

such that P(pany1) =0, then fa,+1(z)|P(z). So P(z) = fant1(x)g(x). Let g(x) =
D212 "2 4 by _on_ox™ 22 4 ... 4 bz + by. Therefore the following
equalities hold between the coefficients of g(x) and P(z), when m—2n—1 < 2n+1,
ie. m<4n+ 2:

ag = bo = 0,
a; = 7b1;
ag = —by — by,

az = —bz — by — by,

Um—2n—1 = *bm72n71 - bm72n72 - bl-

By Theorem 2, since P(z) is a chromatic polynomial, we have (x — 1)|P(z). There-
fore we have

(2 — D)|bm-2n-12" 72" 4 bpyoop 0™ 22 o by + by,

hence by—2n—1 + bm—2n—2 + -+ + by = 0. By the above equalities, we have
am—on—1 = 0, contradicts the fact that the coefficients a.,,, @mm—1,...,a1 of a chro-
matic polynomial of a connected graph are different from zero. Since the above
equalities between the coefficients of P(x) and g(x) are valid provided that m <
4n + 2, pan+1 cannot be chromatic zero of any graph G with |V(G)| < 4n+2. O

4. SOME QUESTIONS AND REMARKS

This section discusses results and conjectures going in the opposite direction
to those in the rest of the paper, namely, while the rest of the paper is concerned
with proving that 2n-anacci constants and all their natural powers cannot be chro-
matic roots; here we are interested in showing that those numbers are accumulation
points of (real) chromatic roots.

THOMASSEN [12] stated the following significant result.

Theorem 6. If G is a graph of order n and 1 < X\ < 32/27, then |P(G,)\)| >

A1 =X)L, Moreover, if \g > 32/27, € > 0, then there exists a graph G such that
P(G, ) has a root in (A\g — &, Ao +€).
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Theorem 6 provides information on the general case when A > 32/27. But
the problem has been considered for some families of graphs as well. One of this
families is the family of triangulation graphs, and there are some open problems
for it. We recall the Beraha question, which says:

Question 1. (Beraha’s question [2]) Is it true that for every e > 0, there exists
a plane triangulation G such that P(G,)\) has a root in (B, — €, By, + €), where
B,, =2+ 2cos(27/n) is called the n-th Beraha constant (or number)?

BERAHA et al. [4] proved that Bs =72 =1+7 = (3++/5)/2 ~ 2.61803.. .,
is an accumulation point of real chromatic roots of certain plane triangulations
(namely 4per X Ngree Pieces of the triangulation lattice with an extra vertex at top
and bottom to complete the triangulation). JACOBSEN et al. [7] extended this to
show that Br, Bg, By and Bj( are likewise accumulation points of real chromatic
roots of plane triangulations (namely, Mper X Nfree pieces of the triangular lattice
of width m up to 12). Finally, ROYLE [9] has recently exhibited a family of plane
triangulations with chromatic roots converging to 4. We know that the sequence B,
has a limit 4. If the answer to Beraha’s question is positive, then there exist planar
graphs whose chromatic roots are arbitrarily close to 4. Note that by exhibition of
ROYLE [9], we have a family of plane triangulations with chromatic roots converging
to 4. Of course, it is an open question which other numbers in the interval (32/27,4)
can be accumulation points of real
chromatic roots of planar graphs. The

following conjecture of THOMASSEN is n|An2 =2+ @n|Bn =24 2cos(2m/n)
one possible answer. 2 247 0
Conjecture 1. The set of chromatic i gg;’gggfg?g ;
roots of the family of planar graphs 5 3.965948237 22 _ 9618033989
consists of 0,1 and a dense subset of 6 3.983582843 3 '
(32/27,4). (See [12]). 7| 3.991964197 3.246979604
. . 81 3.996031180 3.414213562
Now, let Ap; =i+ gn, where i 9| 3.998029470 3.532088886
{0,1,2}. In Table 1, we compare An2 | 10| 3999018633 | 2 + 7 = 3.618033989
with B,,. Here we ask the following . . )
question that is analogous to Beraha’s
question. Table 1. A, 2 and B,

Question 2. Is it true that, for any € > 0, there exists a plane triangulation graph
G such that P(G,\) has a root in (An; —e,Ani+e¢) (n>2,i€{0,1,2})?

Note that Ay 2 = Big = 2+ 7. BERAHA, KAHANE and REID [3] proved that
the answer to Question 2 (or respectively, Beraha’s question) is positive for ¢ = 2,
n =2 (or n = 10).

Acknowledgement. The authors wish to thank Prof. Dr. SAIEED AKBARI for
his helpful guidance, and thank four referees for their valuable comments that lead
to improved version of our work.



Chromatic zeros and generalized Fibonacci numbers 335

10.

REFERENCES

. S. ALIKHANI, Y. H. PENG: Chromatic zeros and the golden ratio. Appl. Anal. Discrete
Math., 3 (2009), 120-122.

S. BERAHA: Infinite non-trivial families of maps and chromials. Ph.D. thesis, John
Hopkins University, 1975.

S. BERAHA, J. KAHANE, R. REID: B7 and B10 are limit points of chromatic zeros.
Notices Amer. Math. Soc., 20 (1973), 45.

S. BErRAHA, J. KAHANE, N. J. WEISS: Limits of chromatic zeros of some families of
maps. J. Combinatorial Theory, Ser. B, 28 (1980), 52-65.

F. M. Dong, K. M. KoH, K. L. TEO: Chromatic Polynomials and Chromaticity of
Graphs. World Scientific Publishing Co. Pte. Ltd. 2005.

B. JACKSON: A zero free interval for chromatic polynomials of graphs. Combin.
Probab. Comput., 2 (1993), 325-336.

J. L. JACOBSEN, J. SALAS, A. D. SOKAL: Transfer matrices and partition-function
zeros for antiferromagnetic Potts models. 111. Triangular-lattice chromatic polynomial.
J.Statist. Phys. 112 (2003), 921-1017, see e.g. Tables 3 and 4.

P. A. MARTIN: The Galois group of 2™ — "' — ... —x — 1. Journal of Pure and
Applied Algebra, 190 (2004), 213-223.

G. ROYLE: Planar triangulations with real chromatic roots arbitrarily close to four.
http://arxiv.org/abs/math.CO/0511304.

J. SALAS, A. D. SOKAL: Transfer matrices and partition-function zeros for antiferro-
magnetic- magnetic Potts models. 1. General theory and square-lattice chromatic poly-
nomial. J. Statist. Phys., 104 (2001), 609-699.

11. I. STEWART, D. TALL: Algebraic Number Theory, 2nd ed. Chapman and Hall, London-
New York, 1987.

12. C. THOMASSEN: The zero- free intervals for chromatic polynomials of graphs. Combin.
Probab. Comput., 6 (1997), 497-506.

13. W.T. TuTrTE: On chromatic polynomials and the golden ratio. J. Combinatorial The-
ory, Ser B 9 (1970), 289-296.

14. http://mathworld.wolfram.com/Finonaccin-StepNumber.html (last accessed on Dec 2008)
Department of Mathematics (Received February 16, 2009)
Yazd University, (Revised May 26, 2009)
89195-741, Yazd,

Iran

E-mail: alikhani@yazduni.ac.ir

Department of Mathematics and

Institute for Mathematical Research,

University Putra Malaysia,
43400 UPM Serdang,
Malaysia

E-mail: yhpeng@science.upm.edu.my



